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Abstract
Inspired by the renormalizability of the non-commutative φ4 model
with added oscillator term, we formulate a non-commutative gauge theory,
where the oscillator enters as a gauge fixing term in a BRST invariant
manner. All propagators turn out to be essentially given by the Mehler
kernel and the bilinear part of the action is invariant under the Langmann-
Szabo duality. The model is a promising candidate for a renormalizable
non-commutative U(1) gauge theory.
1
1 Introduction
Despite the successes of renormalized perturbation expansion of local quantum
field theories, the convergence problem as well as the renormalon, respectively
Landau ghost problem, still remain. Furthermore gravity is not included within
the Standard model of particle physics, which is formulated as a non-Abelian
gauge model.
The idea to include certain gravity effects led to the formulation of non-
commutative quantum field theory, were space-time is deformed. Although quan-
tum group, Lie-algebra and canonical deformations are well-established, proper-
ties of quantum field theories defined over these spaces are well-studied only for
the latter case. These expansions suffer from the UV/IR mixing: Non-planar
graphs show divergences for exceptional momenta in the infrared, which spoils
the renormalizability of the models (cf. [1, 2] and references therein for a review).
Through a careful study of the Euclidean scalar φ4 model on the deformed
R
4
Θ space, Wulkenhaar and one of the present authors (H. G.) were able to solve
this problem [3, 4]. The study of the renormalization group flow led to the iden-
tification of four relevant/marginal operators, one more than usual, an oscillator-
like term was added. Two further proofs have been worked out in [5, 6]. The
renormalization group flow for the coupling constant turned out to be bounded,
which was shown by a first order calculation in [7], extended to three loops in [8]
and to all orders recently by the Paris group [9]. This might lead to a construc-
tive procedure for a non-commutative scalar φ4 theory. A recent review on this
matter can be found in [10] and references therein.
2 Towards a renormalizable non-commutative
gauge theory
Inspired by the renormalizability of non-commutative φ4 theory in R4Θ with an
oscillator term, we try to construct a renormalizable non-commutative U(1) gauge
theory, for simplicity also in Euclidean space. In φ4 theory, the propagator was
modified by the oscillator term in such a way, that it became the Mehler kernel.
Here, we try to do the same thing: Since an oscillator term
∫
d4xΩ2x˜2AµAµ is
not gauge invariant, there are more or less two possible ways to construct the
model: either one adds further terms in order to make the action gauge invariant
(cf. [11, 12]) or one views the oscillator term as part of the gauge fixing part of
the action. Here, we take the latter approach and note, that the oscillator term
has the form of a mass term with non-constant “mass” m2 = Ω2x˜2. However, we
will add a further term to the gauge fixing action in order to simplify the gauge
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field propagator. Our starting point is hence the following action:
S =
∫
d4x
[
1
4
FµνFµν −
1
2
Aµ
(
∂µ∂ν − Ω
2x˜2δµν
)
Aν
]
, (1)
with
Fµν = ∂µAν − ∂νAµ − ig [Aµ ⋆, Aν ] ,
x˜µ =
(
θ−1
)
µν
xν ,
iθµν = [xµ ⋆, xν ] . (2)
θµν is assumed to be a constant skew-symmetric matrix. Some remarks concerning
this action are in order. Note that the Weyl-Moyal ⋆-product has the following
properties:∫
d4xAµ(x) ⋆ Aν(x) ⋆ Aρ(x) =
∫
d4xAρ(x) ⋆ Aµ(x) ⋆ Aν(x),∫
d4xAµ(x) ⋆ Aν(x) =
∫
d4xAµ(x)Aν(x),
{x˜µ ⋆, Aν(x)} = 2x˜µAν(x). (3)
Due to the last property, one may write for the oscillator term
1
4
{x˜ν ⋆, Aµ} ⋆ {x˜ν ⋆, Aµ} = (x˜νAµ) ⋆ (x˜νAµ) (4)
and the remaining star is removed by the integral over space according to the
second property of the star product. Hence, there are only ordinary products left
in the oscillator term and A and x˜ may be rearranged to the form written in (1).
From the bilinear part of the action (1) we easily arrive at the equations of
motion for the free fields:
δSbi
δAµ
=
(
−∆4 + Ω
2x˜2
)
Aµ . (5)
Notice that the terms ∂µ∂νAν have cancelled due to gauge fixing. The inverse of
the operator (∆4 − Ω
2x˜2) gives the Mehler kernel which will become the propa-
gator of the gauge field. Now we need to find the ghost sector for the action. In
order to do this, we need to rewrite the gauge fixing in terms of some multiplier
field and add ghosts.
Since our “mass” Ω2x˜2 is x-dependent, we cannot simply employ the gauge
fixing and ghost sector of Curci and Ferrari [13] (see also [14]). Instead, we
3
suggest the following gauge fixed action in the classical limit:
Γ(0) = Γinv + Γm + Γgf ,
Γinv =
1
4
∫
d4xFµν ⋆ Fµν ,
Γm =
Ω2
4
∫
d4x
(
1
2
{x˜µ ⋆, Aν} ⋆ {x˜µ ⋆, Aν}+ {x˜µ ⋆, c¯} ⋆ {x˜µ ⋆, c}
)
=
=
Ω2
8
∫
d4x (x˜µ ⋆ Cµ) ,
Γgf =
∫
d4x
[
B ⋆ ∂µAµ −
1
2
B ⋆ B − c¯ ⋆ ∂µsAµ −
Ω2
8
c˜µ ⋆ s Cµ
]
(6)
with
Cµ =
(
{{x˜µ ⋆, Aν} ⋆, Aν}+ [{x˜µ ⋆, c¯} ⋆, c] + [c¯ ⋆, {x˜µ ⋆, c}]
)
. (7)
This action is invariant under the BRST transformations given by
sAµ = Dµc = ∂µc− ig [Aµ ⋆, c] , sc¯ = B,
sc = igc ⋆ c, sB = 0,
sc˜µ = x˜µ, s
2ϕ = 0 ∀ ϕ ∈ {Aµ, B, c, c¯, c˜µ} . (8)
B is the multiplier field implementing the gauge fixing, which for c˜µ → 0 reduces
to the usual covariant Feynman gauge ∂µAµ −B = 0. Ω is a constant parameter
and c, c¯ are the ghost/antighost, respectively. The “mass” term for the ghosts (cf.
second term in Γm) has been introduced in order to have a Mehler kernel also for
the ghost propagator. The field c˜µ is a multiplier field with mass dimension 1 and
ghost number −1, which imposes a constraint, namely on-shell BRST invariance
of Cµ. In fact, because of sx˜µ = 0, this constraint also implies on-shell BRST
invariance of the mass terms Γm. Furthermore, s
2 Cµ = 0 vanishes identically, i.e.
off-shell. Using the properties of the star product (3) and (4), one may rewrite
Γm also in the form
Γm =
∫
d4xΩ2x˜2
(
1
2
A2 + c¯c
)
, (9)
which is the most convenient for calculating the propagators.
A further comment we want to make, is that the classical action may be
reexpressed by the formula
Γ(0) =
∫
d4x
[
1
4
Fµν ⋆ Fµν + s (c¯ ⋆ ∂µAµ)−
1
2
B ⋆ B +
Ω2
8
s (c˜µ ⋆ Cµ)
]
, (10)
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showing the unphysical character of the s-variations.
The bilinear parts of the action lead to the following improved propagators:
GAµν(x− y) =
(
−∆4 + Ω
2x˜2
)−1
δµνδ
4(x− y),
Gc¯c(x− y) =
(
−∆4 + Ω
2x˜2
)−1
δ4(x− y), (11a)
GBAµ (x− y) =
(
−∆4 + Ω
2x˜2
)−1
∂µδ
4(x− y),
GB(x− y) =
[
∂µ
(
−∆4 + Ω
2x˜2
)−1
∂µ − 1
]
δ4(x− y). (11b)
Both the gauge field and the ghost propagators are essentially the Mehler kernel,
so we may expect improved IR behaviour of the Feynman graphs. Since there
are no vertices involving the B field and since the additional multiplier c˜µ has no
propagator, neither field will play a role in loop corrections.
When adding external sources for the non-linear BRST transformations sAµ
and sc,
Γext =
∫
d4x [ρµ ⋆ sAµ + σ ⋆ sc] , (12)
we arrive at the Slavnov-Taylor identity
S (Γtot) =
∫
d4x
(
δΓtot
δρµ
⋆
δΓtot
δAµ
+
δΓtot
δσ
⋆
δΓtot
δc
+B ⋆
δΓtot
δc¯
+ x˜µ ⋆
δΓtot
δc˜µ
)
= 0,
(13)
with
Γtot = Γ
(0) + Γext.
Finally, we also note the following observation: Using the equation of motion
δΓ(0)
δB
= ∂µAµ −B +
Ω2
8
(
[{x˜µ ⋆, c} ⋆, c˜µ]− {x˜µ ⋆, [c˜µ ⋆, c]}
)
= 0 (14)
one may eliminate the B-field1 from the action (6). In that form, it becomes
obvious, that the bilinear parts of the gauge fixed action are invariant under a
Langmann-Szabo duality [15]. As usual after eliminating the B-field, the BRST
transformation of c¯ is nilpotent only on-shell:
s2c¯ =
δΓ
δc¯
. (15)
1This is equivalent to integrating out the B-field in the path integral.
5
3 Outlook
In a first step (work in progress) we want to analyze the one-loop calculation
of the vacuum polarization for the U(1)-photon with the presented concepts,
in order to demonstrate that one is able to cure the UV/IR mixing problem.
With the improved Mehler propagators it is expected that the dangerous UV/IR
contributions
ΠUV/IRµν ∝
p˜µp˜ν
(p˜2)2
, p˜µ = θµν p˜ν , (16)
which are gauge fixing independent, cancel. In a further step more general con-
siderations (renormalization to all orders, RG-flow, etc.) are planned.
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